Abstract-Strength restoration is one goal of shoulder rehabilitation following rotator cuff repair surgery. However, the time spent in a physical rehabilitation setting is limited. The objective of this study was to develop a novel mathematical formulation for determining the optimal shoulder rehabilitation exercise protocol to restore normal shoulder strength given a time-constrained rehabilitation session. Strength gain was modeled using a linear doseresponse function and biomechanical parameters of the shoulder musculature. Two different objective functions were tested: (1) one based on a least squares support vector machine using healthy and pathologic shoulder strengths (normative objective function), and (2) one which seeks to match the strength of the contralateral shoulder (contralateral objective function). The normative objective function was subject-independent and the optimal protocol consisted of four sets each of adduction and external rotation. The contralateral objective function was subjectspecific and the typical optimal protocol consisted of various set combinations of abduction and internal and external rotation. These results are only partially consistent with current practice. Improvement of the current model is dependent on a better understanding of strength training adaptation and shoulder rehabilitation.
GLOSSARY OF TERMS
r standard deviation of strength measurements from dose-response, 2.895 N m / m,l length-tension relationship for muscle m for strength exercise l, dimensionless / m,n length-tension relationship for muscle m for strength measurement n, dimensionless w(x l ) increase in strength for x sets of strength exercise l from dose-response, N m X l set of indices for muscles which contribute to strength exercise l based on muscle moment arms X n set of indices for muscles which contribute to strength measurement n based on muscle moment arms
INTRODUCTION
Rotator cuff tears represent a significant source of musculoskeletal morbidity, with incidence rates as high as 1% per year in some occupations. The median number of days lost from work for a worker who sustains a rotator cuff injury is 97 days, based on workers' compensation data from Washington state. 40 One contributing factor to the time spent recovering from rotator cuff pathology is the time necessary for completing a rehabilitation program, which is believed to help restore patients' normal shoulder function. Many health insurance systems are experimenting with ways to limit growth in rehabilitation expenditures, primarily by constraining the amount of time a patient spends in a supervised rehabilitation setting. However, limiting the time spent in treatment may reduce the effectiveness of this important phase of the recovery process and may have a negative impact on an individual's return to normal function. Thus, there is a need to maximize the effectiveness and efficiency of shoulder rehabilitation.
Shoulder strength is an important characteristic of normal shoulder function, 27, 46 and has been shown to be dramatically affected by full-thickness rotator cuff tears. 18 Following surgical repair of the rotator cuff, one component of shoulder rehabilitation is the restoration of strength by performing strengthening exercises. Currently, shoulder rehabilitation is designed to meet a variety of areas depending on the pathology and extent of the injury. Early stages of intervention will tend to focus on pain management and range of motion (ROM) exercises with special emphasis being placed on glenohumeral and scapulothoracic joint mechanics. 29 Additionally, clinicians will also look to address deficits in body and postural control to minimize added strain on the shoulder. 28, 47 Patients will also be instructed on strengthening exercises for the peri-scapular and rotator cuff muscles, 28, 35, 47 along with general shoulder exercises as progress is made. 24, 28, 35, 47 Additional emphasis will also be placed on the incorporation of activities designed to enhance neuromuscular control of the shoulder. 28, 47, 48 In an effort to restore normal activity, clinicians will also prescribe functional exercises aimed at re-establishing normal movement patterns, skills and functional strength. 28, 35, 48 There is currently little quantitative support for rehabilitation protocols, thus the prescription of such protocols is based on the experience and judgment of the rehabilitation specialist and tradition-based protocols. Some outcomes research involving shoulder rehabilitation does exist; 8, 15, 19, 29, 45 a number of literature reviews have concluded that there is insufficient evidence regarding the efficacy of shoulder rehabilitation. 2, 32, 34, 41 There continues to be an added emphasis, throughout the medical community, to practice evidence-based medicine and conduct research to substantiate the efficacy of medical practices based on anecdotal evidence. 30, 42 In addition, educational programs in the medical community are being encouraged to emphasize the use of evidence-based medicine in their curricula, thus there is currently a lack of and a need for well-designed experiments and clinical trials to determine the efficacy of various treatment techniques and interventions. 2, 30, 34 Optimization models have been developed for a wide range of applications in musculoskeletal medicine. For example, linear and nonlinear programming models have been developed for predicting muscle and joint contact forces. 1, 7, 10, 11, 38 However, little work has been done using formal optimization methods to improve musculoskeletal rehabilitation techniques.
The objective of this project was to formulate a mathematical model for regaining maximal shoulder strength in patients having undergone surgical repair of full-thickness rotator cuff tears. Specifically, an integer programming model was developed to relate shoulder rehabilitation strengthening exercises to strength gain, and was used to determine the optimal rehabilitation strengthening protocol (consisting of a specific number of sets of different strengthening exercises) to most effectively and efficiently restore normal strength in the involved shoulder subject to a limit on rehabilitation time. The novelty of this model lies in explicitly incorporating a time budget constraint. This article is formatted as follows: second section describes the model and includes the model formulation, objective functions, data, and results procedures; third section presents results; fourth section discusses the results and the model; and fifth section summarizes this study.
MODEL
The goal of shoulder rehabilitation in the current model is to increase subject strength measurements consisting of maximal isometric voluntary contractions in 14 different posture-action combinations ( Table 1) . The shoulder can produce force in many directions due to its unconstrained geometry, and variations in both arm posture and action create an unlimited number of possible strengthening exercises. Four basic isometric exercises are considered, each consisting of a different action, as candidates for strengthening: (1) abduction and (2) adduction of the arm in the frontal plane, and (3) internal and (4) external rotation of the humerus. The postures of these isometric exercises are presented in Table 2 and were chosen such that they fall in the midrange of the associated nonisometric exercise. It should be noted that none of these four exercises are identical to any of the 14 strength measurements in terms of the posture-action combinations, thus there is no direct strength transfer from an exercise to a strength measurement, but rather an indirect relationship. In this model, exercises are prescribed in terms of sets, and the number of sets prescribed for each exercise increases the possible combinations of rehabilitation protocols and the ways in which rehabilitation time can be spent.
Each of these four movements are typically incorporated into shoulder rehabilitation programs in an effort to restore overall glenohumeral joint and shoulder strength; 16, 19, 24 however, shoulder adduction movements may not be specifically enlisted to enhance the strength of the rotator cuff muscles. In addition to the movements included in the current model, it is not uncommon for shoulder flexion and extension exercises to also be incorporated into shoulder rehabilitation programs. All of these movements are used in conjunction with shoulder girdle and whole-body activities to facilitate strength development within the shoulder. 16, 19, 24 However, shoulder flexion and extension were excluded from this initial implementation in order to evaluate the model formulation, and future models would likely include these and other movements to increase the clinical applicability.
Each exercise recruits only a subset of the shoulder musculature due to the positions and orientations of the muscles crossing the shoulder. Performing exercises can elicit strength gains in muscles that contribute to those associated actions. Only a few large muscles primarily contribute to the majority of an action produced at the shoulder, and smaller muscles are primarily responsible for creating stability at the glenohumeral joint. Each muscle crossing the glenohumeral joint has secondary functions in addition to performing a primary mechanical function. For example, muscles that are primarily responsible for arm abduction can also contribute to external rotation, albeit to a lesser degree. We assumed that, by performing a strengthening exercise, the strength gain response of each muscle was dependent on the muscle's contribution to a specific exercise. A gain in muscle strength increases a muscle's force-producing capacity and will subsequently increase the total shoulder strength for any action to which it contributes. 
Model Formulation
The current model selects the optimal rehabilitation protocol (the number of sets of each exercise) to most effectively improve shoulder strength subject to a time constraint. This model is based on two assumptions. The first assumption is that the shoulder strength (Y n , N m) for strength measurements n = 1...14 ( Table 1) , is proportional to the physiological cross-sectional area (PCSA) of muscle m (A m , m 2 ):
where X n includes the set of indices for muscles which contribute to strength measurement n (based on the muscle moment arms in the specific posture-action combination), r m,n and / m,n are the muscle moment arms and length-tension relationships, respectively, for muscle m and strength measurement n, and c is the specific tension of muscle (4.2 · 10 5 N m -2 ) 12 which is constant for all muscles and postures. The muscle moment arms and length-tension relationships are muscle-and posture-specific biomechanical parameters, which relate A m to the isometric moment produced by muscle m. It is important to note that this assumption disregards the contribution of neuromuscular proficiency to strength.
The second assumption is that muscle hypertrophy (DA m,l , i.e., increase in PCSA) for muscle m, due to isometric exercise l = 1...4 (Table 2) , is proportional to the initial muscle PCSA (A 0 m ):
where k l is an exercise-specific hypertrophy factor determined by methods presented below and X l includes the set of indices for muscles which contribute to strength exercise l (similarly based on the muscle moment arms). A change in shoulder strength due to muscle hypertrophy from exercise l (DY l ), was determined by using the assumption of Eq. (1) for strength exercise l and substituting DA m,l for A m :
Strength measurement index n and strength exercise index l denote specific posture-action combinations of isometric actions, none of which have the same posture-action combination, as seen in Tables 1 and 2 , respectively. Arm posture was defined by 4 degrees of freedom including arm elevation with respect to the torso, humeral rotation, arm plane of elevation, and elbow flexion, which is consistent with the recommendations by the International Society of Biomechanics. 49 Both strength measurements and exercises are isometric (arm posture does not change), yet muscles are contracting and attempting to produce a specified motion. The exercise-strength gain dose-response was modeled as a linear function based on the results of prior work by Rhea and colleagues, 37 who performed a meta-analysis of strength training literature. This meta-analysis presented pooled estimates of standardized strength gains (strength gains normalized by standard deviations) for one through six sets of exercise for untrained subjects; the analysis grouped all types resistance training (including a variety of exercise protocols), thus the results represent ''mean training levels''. It was found that performing more than four sets of an exercise yielded diminishing return on strength gain; thus the current model only incorporated the dose-response up to and including four sets. Data for one to four sets (treatment effect, standard deviation, and number of effect sizes; Table 3 in Rhea et al. 37 ) were extracted and the treatment effects were fit to a linear function. The current model assumed that for zero sets of exercise, there was zero strength gain, and that due to the debilitating nature of musculoskeletal pathologies, the subjects were assumed to be untrained. The dose-response was represented as:
where w(x l ) is the strength change (N m) due to x sets of exercise l, and r is the standard deviation of strength measurements (N m). Estimated parameters a and b were 0.895 and 0.355 for 1-4 sets, respectively; the fit had a coefficient of determination of 0.954, and the standard deviation was 2.469. An exercise protocol was represented by x l , or the number of sets for each exercise l. A hypertrophy factor (k l ) was then determined by equating the strength change in Eq. (3), DY l , with the strength gain from the dose-response function of Eq. (4), w(x l ). Combining these equations and solving for k l yields:
The hypertrophy of muscle m due to x l (DA m,l ) was determined by substituting Eq. (5) into Eq. (2):
For each exercise protocol x l , Eq. (6) yields multiple and different values of DA m,l , each of which corresponds to exercise l. It was assumed that a muscle would adapt (i.e., hypertrophy) to the maximum exercise stimulus to which it is exposed. A single muscle hypertrophy (DA m ) for each exercise protocol was obtained by taking the maximum muscle hypertrophy over all exercises:
which represents the predicted change in the PCSA of muscle m due to an exercise protocol. Strength exercises (l) directly affect strength measurements (n) such that changes in PCSAs increase shoulder strength as per our first assumption. The change in strength measurement n (DY n , N m) was determined using Eq. (1) and the muscle hypertrophy DA m :
The postrehabilitation strength (Y Ã n , N m) was determined by adding the prerehabilitation strength measurements (Y 0 n ) and the strength change due to rehabilitation (DY n ):
Combining Eqs. (6-9) yields the postrehabilitation strength measurements: 
Objective Functions
The optimum rehabilitation exercise protocol was determined for two realistic rehabilitation outcome objective functions. The first objective function (normative objective function) used a vector normal to the optimal separating hyperplane between healthy and pathologic shoulder strengths, determined using a least squares support vector machine (LS-SVM); the normal vector points in the direction of maximum improvement from pathologic to healthy. The second objective function (contralateral objective function) increased shoulder strength to that of the contralateral shoulder.
Normative Objective Function
The normative objective function is based on previous work by Silver and co-workers, 39 and a brief description of this work is presented here. An LS-SVM 43 was used to classify shoulder strength data from 37 patients (27 males, 10 females) undergoing surgical repair of at least one full-thickness rotator cuff tear. Two classes of data points were constructed: (1) 14 preoperative strength measurements made on each patient's involved shoulder and (2) 14 predicted normal strength measurements based on patient age, gender, and body mass. The 14 strength measurements constitute a 14-dimensional vector, or a strength profile, and consist of the same isometric posture-action combinations as in Table 1 . The predicted normal strength measurements for each patient were determined using previously derived regression equations from strength testing 120 asymptomatic subjects ranging in age from 20 to 87. 23 The strength profiles for the involved and for the predicted normal shoulders were included data classes C 1 and C 2 , respectively. The LS-SVM was trained on C 1 and C 2 to determine an optimal separating hyperplane (OSH) that best separated the two classes of strength measurements. The vector normal to the OSH, c, represents the maximum improvement from a pathologic population to a predicted normal population; the coefficients of c corresponding to strength measurements n, c n , are provided in Table 1 (w ROC from Silver et al.
39
). The LS-SVM was trained with data from patients with rotator cuff tears; thus is specific to this pathology and would have to be retrained for other pathologies.
The optimal rehabilitation protocol can be formulated mathematically as a knapsack integer programming problem with bounded decision variables 14 using the objective function coefficients from c and the postrehabilitation strength measurements Y Ã n :
where c n is the objective function coefficient of the strength measurement n, d (min) is the time required to perform one set of exercise and is constant for all exercises, and T (min) is the allotted time budget of the rehabilitation session. The time required for one exercise set, including rest, was 2 min and was based on the clinical experience of one of the co-authors who is a certified athletic trainer (JS), and a single rehabilitation session was chosen to last 30 min. The objective function of Eq. (11) can be restated by substituting Eq. (9):
Note the first term of Eq. (14) is constant, thus this objective function is independent of the patient's initial strength profile. The optimization problem for the normative objective function consists of maximizing Eq. (14) subject to the constraint Eqs. (12) and (13) and can be simplified:
Contralateral Objective Function
Another possible goal of shoulder rehabilitation could be to increase the involved shoulder strength profile to best match the contralateral (uninvolved) shoulder strength profile. The strength profile of the contralateral shoulder was used as a goal (G n , N m) for postrehabilitation strength measurements Y Ã n , and the objective function was defined as:
subject to the constraint Eqs. (12) and (13) . Note that this objective function is dependent on the patient's initial strength profile. To compare the optimal rehabilitation protocols between the two objective functions, the contralateral objective function also used a rehabilitation session lasting 30 min. In addition, the optimal rehabilitation protocols for the contralateral objective function were determined for rehabilitation sessions lasting 10 and 20 min to determine the effects of a reduced time budget.
Data
Fourteen isometric strength measurements for each of 12 patients at 6 months following rotator cuff repair surgery were previously collected at the Mayo Clinic. 39 Strength measurements were obtained for both the involved and uninvolved (contralateral) shoulders and correspond to Y 0 n and G n , respectively. Figure 1 shows the average, over the 12 patients included in the current model, preoperative involved and predicted normal shoulder strengths for each strength measurement. Data collected at 6 months following surgery were used in the current model in order to minimize the possibility that strength was inhibited by pain. The experimental protocol used to collect isometric shoulder strength data was the same as the procedure by Hughes and colleagues 22 and was approved by the institution's Institutional Review Board.
Muscle parameters including moment arms (r m , m) and length-tension relationships (/ m , dimensionless) for the strength measurements (n) and exercises (l), were obtained using a computational model of shoulder muscle, tendon, and bone geometry developed by Holzbaur and colleagues 20 and implemented in Software for Interactive Musculoskeletal Modeling (MusculoGraphics Inc., USA). 9 The initial muscle PCSAs (A 0 m ) used in the current model were those used in the Holzbaur shoulder model, which were obtained from various sources in the literature and represent average population values. The Holzbaur shoulder model uses 18 muscle elements to represent the musculature crossing the shoulder and the current optimization models include these 18 muscle elements in the formulations.
Solution
The optimization problems were implemented in MATLAB (The MathWorks, Inc., Natick, MA, USA) and run on a 2.4 GHz Pentium 4 personal computer. For each objective function, all combinations of 0-4 sets for each of the four exercises were iterated through for all subjects. The primary results of interest consisted of the optimal rehabilitation exercise protocols for each subject with respect to the associated objective function and time constraint. In addition, the effects of the optimum rehabilitation protocols on strength measurements and muscle PCSAs were also analyzed.
RESULTS

Normative Objective Function
The solutions to the normative objective function were found to be four sets of adduction and four sets FIGURE 1. Preoperative involved (Involved) and predicted normal (Predicted) strength measurements averaged over all 12 subjects. Strength measurement indices (n) correspond to those listed in Table 1 ; error bars represent one standard deviation.
of external rotation, with 0 sets for both abduction and internal rotation for all subjects. In other words, a rehabilitation sessions consisting of four sets each of adduction and external rotation is predicted to most directly increase subject strength to that of a healthy population. This objective function depends only on the model formulation and not the initial subject strength, thus the solution is subject-independent. This solution yields a total of eight sets lasting 16 min, which is well under the 30 min time constraint. Though more exercises could be performed during the rehabilitation session, the model predicts that strength would increase less effectively to that of the normal population strength data used in the current model.
Contralateral Objective Function
The solutions to the contralateral objective function were found to vary among subjects, and are presented in Table 3 for the 10, 20, and 30 min rehabilitation session time constraints. For some subjects (7, 8, 10, 11, and 12) , the optimal rehabilitation protocol varied as the time constraint was changed. The remaining subjects had the same solution for all three time constraints. Thus for these subjects, a 20 or 30 min rehabilitation session is predicted to be no more beneficial than a 10 min rehabilitation session for attempting to reach the contralateral shoulder strength. With the addition of more exercises just to use up the remaining rehabilitation session, these subjects' strength profile would increase less directly toward the goal strength profile. A subject's rehabilitation protocol changed for the different time constraints depending on the differences between the initial strength and the goal strength, such that greater strength deficits require additional sets of exercise to best match the contralateral shoulder strength.
The rehabilitation exercise protocols increase strength measurements due to muscle hypertrophy, and the postrehabilitation strength measurements and muscle PCSAs are of interest. To show the relationships between the rehabilitation protocols, strength measurements, and muscle hypertrophies, a single case was analyzed, specifically subject 10 with the contralateral objective function for a 30 min rehabilitation session. The results of the strength measurement improvements and muscle hypertrophies are presented in Figs. 2 and 3 , respectively. The optimal rehabilitation protocol for this case was four sets each of abduction, internal rotation, and external rotation, and 0 sets of adduction. The model predicted that, for some strength measurements, the involved shoulder strength is predicted to increase to, or beyond, that of the contralateral shoulder, while other strength measurement goals will not be attained. It would be expected that abduction, internal rotation, and external rotation strength measurements would increase to some degree due to the inclusion of these actions in the rehabilitation protocol despite the differences between the postures of the strength measurements and the exercises. It is also seen that adduction strength was increased (beyond that of the goal in one strength measurement) without adduction exercises included in the rehabilitation protocol. This is because muscles that are active in one action (for example, internal rotation), can also contribute to orthogonal actions (adduction), and therefore have the potential to hypertrophy due to their secondary and tertiary moment-producing capabilities. Muscle hypertrophies further illustrate this effect and are shown in Fig. 3a , which shows nominal muscle hypertrophies, and Fig. 3b , which shows muscle hypertrophies as percentages of the initial PCSAs. The model predicted that muscles which are primarily responsible for certain actions hypertrophied greater than muscles which are not primarily responsible for any actions. This effect can be seen by the hypertrophy of the middle deltoid, the subscapularis, and the infraspinatus, which are primarily responsible for abduction, internal rotation, and external rotation, respectively, and is due to their moment-producing capabilities with respect to the exercise postures and because of their large initial PCSAs. The model did not prescribe any sets of adduction, yet muscles that are primarily adductors were still predicted to hypertrophy; some of these muscles include the three portions of the latissimus dorsi, the three portions of the pectoralis major, and the corachobrachialis. These muscles demonstrate the fact that muscles can indirectly hypertrophy from actions for which they are not primarily responsible. In addition, Fig. 3b shows that the model predicts three levels of hypertrophy, which are attributed to the three exercises subject 10 was prescribed.
DISCUSSION
The purpose of this study was to develop an initial formulation of a mathematical model that determines the optimal shoulder rehabilitation exercise protocol to restore normal shoulder strength in patients recovering from rotator cuff repair surgery. Two different objective functions were tested, and it was found that one solution selected a patient-independent and nontraditional exercise protocol (normative objective function), while the other selected patient-specific and more FIGURE 2. Effect of the optimal rehabilitation protocol on pre-and postrehabilitation strength measurements for subject 10 for the contralateral objective function (30 min time constraint). Strength measurement indices (n) correspond to those listed in Table 1 . traditional exercise protocols (contralateral objective function). The model formulation is based on a number of assumptions which are important to consider when evaluating the results of the model. Some assumptions are directly relevant to the model formulation (previously stated in ''Methods'' section) while others are intrinsic to the practice of physical rehabilitation and human physiology (expanded upon below).
The innovation of this model lies in understanding the clinical reality there is limited time available for rehabilitation and explicitly incorporating that fact into our modeling approach. Previous shoulder models have solely focused on estimating internal tissue loads 21, 25, 44 rather than optimally utilizing time. The two formulations presented here build on previously published investigations, 23,39 but they significantly extend our shoulder rehabilitation research by focusing on the efficient utilization of time available for rehabilitation.
Model Evaluation
The normative objective function, which increased strength to that of a healthy normal population, is patient-independent and the solution of this model depends only on the model formulation; thus, all subjects have the same optimal rehabilitation protocol. The contralateral objective function is dependent on initial strength measurements of the involved and uninvolved shoulders, and this objective function yielded patient-specific rehabilitation protocols. These two objective functions also differ in that the normative objective function is linear whereas the contralateral objective function is nonlinear.
The solutions of the normative objective function prescribed external rotation and adduction. The reason for this is evident from Fig. 1 , where the external rotation (#11-14) and adduction (#4-6) strength measures have the largest average strength deficits between the involved and predicted normal values. While few would argue against external rotation, 16, 19, 24 the inclusion of adduction is of notable interest due to the number of muscles around the shoulder which contribute to adduction. Failure to address shoulder adduction strength deficits would result in failure to restore normal shoulder function. There is relatively little published literature concerning shoulder adduction strength, and even less with regards to its role in shoulder rehabilitation, thus a comparison of our results is not possible. There is some evidence though, with clinical implications, to suggest that performing shoulder adduction against resistance, as compared to abduction, results in minimizing superior migration of the humeral head on the glenoid, resulting in widening of the subacromial space. 17 It should be noted that the normative objective function is based on a LS-SVM with a small dataset without cross-validation; therefore the predictions from the normative objective function should be viewed with some caution.
The solutions of the contralateral objective function were similar to the current practice of shoulder rehabilitation, which typically includes abduction and internal and external rotation. With regards to the optimal rehabilitation protocols as determined by the model, it could be said that current practice is optimal if the goal of shoulder rehabilitation is to attempt to restore shoulder strength to that of the contralateral shoulder.
The strength measurement data used as inputs to each model has an effect on the solution of each objective function. By grouping the subjects and averaging their strength measurements, as with the normative objective function, critical individual information is lost, and this can be seen by the large standard deviations in Fig. 1 . Thus the prescribed rehabilitation protocol (as suggested by the normative objective function) may not address important individual deficits. By individualizing the model and using the contralateral objective function, the grouping effects are no longer present, and individual protocols are likely to address the individual deficits. Considering these two points, the initial strength data and the prescribed protocols support the practice of individualized protocols.
Limitations
There is no clearly accepted outcome objective for strength restoration during shoulder rehabilitation. Additionally, what constitutes a 'healthy' or 'normal' shoulder is open to discussion. The two objective functions implemented in the current model are both realistic clinical goals. However, other possible objective functions could include increasing strength to obtain specific agonist/antagonist strength ratios or increasing strength specific to a patient's activities. The objective function selected in practice is dependent on the experience and views of the clinician and the needs of the patient. 45 To increase the clinical applicability of the current model, clearer definitions of shoulder rehabilitation outcome measures are necessary.
The current model is limited by the incomplete knowledge of adaptation to strength training. We represented strength gains as an increase muscle PCSA. Neural adaptations have been found to play a role in strength gain, 31 but their precise relationship to strength training protocols remains unknown, 13 and have thus been excluded from the current model. Additionally, strength gains, due to either muscle hypertrophy or neural adaptation or both, from similar training protocols, are another topic of discussion. One such example is the single-vs. multi-set debate which concerns the dose-response relationship between the number of sets of an exercises and strength gain. [4] [5] [6] 33, 36 Another topic of uncertainty concerns the amount of strength gain over time; our model is time-independent. The exercise-strength gain does-response used in the current model was from a meta-analysis, and the time frame for the strength gains of the optimal rehabilitation protocols could be considered the average duration of the protocols used in the studies included in the meta-analysis. In addition, the metaanalysis included all types of studies in the strength training literature and did not determine a specific dose-response for different exercise prescription variables (e.g., type of contraction, contraction duration, contraction intensity, repetitions per set). Further specificity of other exercise parameters is not included in the current model because there is currently insufficient data regarding the effects of these variables with respect to strength gain. Moreover, while there are more variables in exercise prescription than sets alone, the current model is based on sets because this is a primary variable affecting the duration (the constraint of the current model) of a rehabilitation session.
The biomechanical parameters used in the current model are not patient-specific and were calculated using the Holzbaur shoulder model and are based on average population data. These parameters, including muscle PCSAs, moment arms, and length-tension relationships, play a role in muscle activation and the production of muscle forces and joint torques and vary among individuals. Such variations are likely to have an effect on the inter-patient variability of muscle hypertrophy to the same strengthening exercises. Absolute muscle size, in particular, vary widely among individuals, 26 and are likely even more variable in patients with shoulder pathologies due to functional limitations leading to disuse and subsequent muscle atrophy. 3 Muscle moment arms and length-tension relationships are dependent on the Holzbaur shoulder model to accurately represent the musculoskeletal shoulder anatomy in various postures. Variations in any of these muscle parameters, due to individual variations or the effects of rehabilitation, could yield different muscle hypertrophies and different optimal rehabilitation protocols than that of the current solutions.
Although maximal isometric strength was the goal in the current model, shoulder rehabilitation is a multifaceted problem which focuses on many aspects of shoulder function. Other goals of shoulder rehabilitation include the reestablishment of active and passive ROM, proper musculoskeletal kinematics, scapular stabilization, muscular endurance, and functionality specific to an individual's activities of daily living among others. Depending on the status of the patient, the rehabilitation specialist must make time management decisions based on their experience and the best interest of the patient. The current model could be adapted to optimize rehabilitation sessions with respect to multiple functional aspects by formulating the problem as a multiobjective optimization problem.
CONCLUSIONS
We presented a novel mathematical formulation of an optimization model for maximizing the effectiveness of a time-constrained rehabilitation session for increasing shoulder strength. Optimal rehabilitation protocols for two different, and both clinically realistic, shoulder strength rehabilitation outcome objective functions were determined. One objective function yielded atypical results while the other yielded results that were similar to those of current shoulder rehabilitation practices. As our understandings regarding strength training and shoulder rehabilitation expand, subsequent model formulations would likely be improved to accurately predict adaptations to strength training for use in a clinical setting. In addition, future work could include a validation study to evaluate the performance of the current model.
